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jrt ' In this paper, we investigate the Caucliy problem for the tridimensional Boussinesq 

equations with horizontal dissipation. Under the assumption that the initial data is an 
axisymmetric without swirl, we prove the global well-posedness for this system. In the 
absence of vertical dissipation, there is no smoothing effect on the vertical derivatives. To 
make up this shortcoming, we first establish a magic relationship between ^^ and ^^ by 
taking full advantage of the structure of the axisymmetric fluid without swirl and some 

r — ■ tricks in harmonic analysis. This together with the structure of the coupling of (|1.2p entails 

fT^ I the desired regularity. 
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X ■ 1 Introduction 



The Boussinesq system describes the influence of the convection phenomenon in the dynamics 
of the ocean or atmosphere. In fact, it is used as a toy model for geophysical flows whenever 
rotation and stratification play an important role (see [28]). This system is described by the 
following equations: 



{dt + u-V)u- kAu + Vp = pen, (t,x)GM+xM", n = 2,3, 
{dt + u- V)p - uAp = 0, 
divn = 0, 
iu,p)\t=o = iuo,Po), 



il.l) 



where, the velocity u = {u^, ■ ■ ■ ,n") is a vector field with zero divergence and p is a scalar 
quantity such as the concentration of a chemical substance or the temperature variation in a 
gravity fields, in which case pen represents the buoyancy force. The nonnegative parameters k 
and i^ denote the viscosity and the molecular diffusion respectively. In addition, the pressure 
p is a scalar quantity which can be expressed by the unknowns u and p. 



In the case where i^ and k are nonnegative constants, the local well-posedness of (jl.ip can 
be easily established by using the energy method. When variables k and v are both positive, 
the classical methods allow to establish the global existence of regular solutions in dimension 
two and for three dimension with small initial data. Unfortunately, for the inviscid Boussinesq 
system (jl.ip , whether or not smooth solution for some nonconstant po blows up in finite time is 
still an open problem. The intermediate situation has been attracted considerable attentions 
in the past years and important progress has been made. When i' is a positive constant 
and K = 0; or 1/ = and k is a positive constant, D. Chae [12], and T.Y. Hon and C. 
Li |24j proved the global well-posedness independently for the two-dimensional Boussinesq 
system. It is also shown the global well-posedness in the critical spaces, see [1]. In addition, 
C. Miao and L. Xue [27j proved the global well-posedness of the two-dimensional Boussinesq 
equations with fractional viscosity and thermal diffusion when the fractional powers obey mild 
condition. Other interesting results on the two-dimensional Boussinesq equations can be found 
in [a El Ea [23]. 

Recently, there are many works devoted to the study of the tridimensional axisymmetric 
Boussinesq system without swirl for different viscosities. In [2], a global result was established 
but under some restrictive conditions on the initial density, namely it does not intersect the 
axis r = 0. Subsequently, T. Hmidi and F. Rousset [21] removed the assumption on the support 
of the density and proved the global well-posedness for the Navier-Stokes-Boussinesq system 
by virtue of the structure of the coupling between two equations of (jl.ip with v = Q. In |20| . 
they also proved the global well-posedness for the tridimensional Euler-Boussinesq system with 
axisymmetric initial data without swirl. 

In the present paper, we consider the case that the diffusion and the viscosity only occur 
in the horizontal direction. More precisely, 

^ {dt + u- V)n - A/,u + Vp = pez, (t, x) G IR+ x M^, 

{dt + u-V)p-AhP = 0, 

divn = 0, 
^{u,p)\t=o = {uo,po), 

Here A/j = (9^+51. Let us point out that the anisotropic dissipation assumption is natural in the 
studying of geophysical fluids. It turns out that, in certain regimes and after suitable rescaling, 
the vertical dissipation (or the horizontal dissipation) is negligible as compared to the horizontal 
dissipation (or the vertical dissipation) (see |15] for details). In fact, there are several works 
devoted to study of the two-dimensional Boussinesq system with anisotropic dissipation. In 
|17j . R. Danchin and M. Paicu proved the global existence for the two-dimensional Boussinesq 
system with horizontal viscosity in only one equation. They mainly exhibited a polynomial 
control of ||Vti|| z^;, where the space vL stands for the space of functions / in ri2<p<ooL^ such 
that 

11/11^:= sup p'-^\\f\\LP <oo. (1.3) 

2<p<oo 

Combining this with the following estimate 

||Vn||^ < C(l + ||Vu||^log(e + ||n||^.)), s > 2 
yields the global well-posedness of smooth solutions. Next, they observed the fact ||Vu|| /|; 
implies that u G L^Q^(M+,LogLip2), where LogLipa stands for the set of bounded functions / 
such that 

3„p my)-f(^)i <^^. ,1.4) 

^7^v;\=^-y\<^ \x - y\ log2 (Ix - y\) ^ 



And then they estabhshed the global existence with uniqueness for rough data with the help 
of a losing estimate. Recently, A. Adhikari, C. Cao and J. Wu also established some global 
results for different model under various assumption on dissipation in a series of recent papers, 
see in particular [U O [lOl [11] . In [11], C. Cao and J. Wu proved the global well-posedness for 
the two-dimensional Boussinesq system with vertical viscosity and vertical diffusion in terms 
of a Log-type inequality. In their proof, they first find that L^-norm on vertical component of 
velocity with 2 < p < oo at any time does not grow faster than ^/pTogp as p increase by means 
of the low-high decomposition techniques. 

To better understand the axisymmetric fields, let us recall some algebraic and geometric 
properties of the axisymmetric vector fields and discuss the special structure of the vorticity 
of system (jl.2p . see for example [19^ 126]. First, we give some general statement in cylindrical 
coordinates: we say that a vector field u is axisymmetric if it satisfies 

n-a{u{nax)} = u{x), VaG[0,27r], Vx G M^, (1.5) 

where TZa denotes the rotation of axis (Oz) and with angle a. Moreover, an axisymmetric 
vector field u is called without swirl if it has the form: 

u{t,x) = u^'{r, z)er + u^{r,z)ez, x = {xi,X2,X3), r = -v/xf + a^l and z = X3, 

where (e^, eg, e^) is the cylindrical basis of M^. Similarly, a scalar function / : M^ — )• R is called 
axisymmetric if the vector field x 1— t- f{x)ez is axisymmetric, which means that 

f{TZax) = f{x), VxGM^ VaG[0,27r]. (1.6) 

This is equivalent to say that / depends only on r and z. Direct computations show us that 
the vorticity uj := curln of the vector field u takes the form 

u = {dzvJ" — drU^)e0 := uJeeg. 

On the other hand, we know that 

u-V = u^dr + u^dz, divu = dpU^ -\ \- dzU^ and io-Vu= — i^ (1.7) 

in the cylindrical coordinates. Therefore, the vorticity w satisfies 

dtOJ + u ■ Voj — A/jW = —drpeg -\ uj. (1.8) 

r 

Since the horizontal Laplacian operator has the form A/j = drr H — dr in the cylindrical coor- 
dinates then the cog satisfies 

T 

dtuje + u • Vujo - AhUJe + — = -drP H ^e- (1-9) 

In this paper, we are going to establish the global well-posedness for the system ()1.2p corre- 
sponding to large axisymmetric data without swirl. Since the dissipation only occurs in the 
horizontal direction, it seems not obvious to get the global regularity of solutions following 
from [2] directly. Indeed, their proof relies on the smoothing effect on vertical direction. Also, 
we do not expect to obtain the growth estimate of L^-norm about vertical component of veloc- 
ity as in jllj for the tridimensional axisymmetric Boussinesq equations. Besides, as the space 
i7^(]R^) fails to be embedded in vL(lR^), it is impossible to obtain the bound of ||Vti|| /^^ in 



terms of Hwll /^ just as in [IT]. This requires us to further study the structure of axisymmetric 
flows and estabhsh priori estimate to control the vorticity in Lj'j^^(]R"'', L°°). Now, let us briefly 
to sketch the proof of results. According to ()1.9p and the properties of axisymmetric flows, we 
find that the quantity ^ satisfies 



{dt + u- V) 



UJg 



{A, + \)^ 



drP 

r 



(1.10) 



We observe that the main difficulty is the lack of information about the influence of the term 
in the right side of (jl.lOp and how to use some priori estimates on p to control it. Therefore 
we need to study the properties of the operator — so as to analyze the influence of the forcing 
term ^^ on the motion of the fluid. Indeed, the behavior of A/j + — is like that of A^j, which 
be derived from the fact that ^ is a part of the operator A/^ = d"^ + ^. This induces us to 
consider the structure of the coupling between two equation of ()1.2p . From this observation, 
we introduce a new quantity T := ^ — ip and then V solves the following transport equation 



{dt + u- v)r 



(A;, + -dr)T 
r 



0. 



(1.11) 



It follows that 



LP 



< IIT 



oIIlp 1 



Vp e [l,oo]. 



This together with the L^-estimate of p gives that 



ue 



it) 



< 



LP 



LUQ 



(0) 



LP 



\/p e [i,oo]. 



This estimate enables us to establish a global i^^-bound of the velocity. Now, by taking the 
L^-inner product of ()1.9p with ujq and using the anisotropic inequality which will be described 
in Appendix El we obtain 
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(1.12) 



As a consequence, it is impossible to use the information of — to control the quantity 
||52(n''/r)||j;^2 via the following pointwise estimate established by T. Shirota and T. Yanag- 
isawa (abbr. S-Y) 



<Ct 



1 



r 



This forces us to establish the new relationship between — and — instead of the S-Y estimate. 
To fulflll the goal, we find the following algebraic identity deduced from the geometric structure 
of axisymmetric flows and the Biot-Savart law: 

a, 



(1.13) 
and 12.61 for 



^=9.A-if^)-2^A-i9.A-if^ 
r \ r J r \ r 

This identity allows us to conclude the S-Y estimate, one can see Propositions 
more details. 

Before stating our results, let us introduce the space L of those functions / which belong 
to every space U* with 2 < p < oo and satisfy 



sup p 

2<p<oo 



LP < OO. 



(1.14) 



Our results are stated as follows. 



Theorem 1.1. Let uq G H^ be an axisymmetric divergence free vector field without swirl 
such that — G L^ and dz^o G L^- Let po £ H^'^ be an axisymmetric function. Then there is 
a unique global solution (u, p) of the system (|1.2p such that 

u G C{R+; H^) n lL(M+; F^'^ n if^-i), 5,c^ G C(M+; L^) n lL(M+; Z/^'^), 

^ G Lj^e(IK+; ^') n Ll,{R+- H'''), p G C(]R+; i7°'i) n lL(M+; if i'^). 

Here and in what follows, we can refer to Section [2.11 for the definition of spaces such as H^ , 
i/0,1, etc. 

Remark 1.1. The main difficulty is how to establish the ff^-estimates of velocity due to the 
lack of dissipation in the vertical direction. To overcome this difficulty, we explore an algebraic 
identity between — and — , which strongly rely on the geometric structure of axisymmetric 
flows, and control the stretching term in vorticity equation 

if 

dtoj + u ■ Vuj — AfiUj = —drpeg -\ u. 

r 

We observe the diffusion in a direction perpendicular to the buoyancy force, and this helps us 
to control the source term dj-peg by virtue of the horizontal smoothing effect. 

Theorem 1.2. Let uq G H^ be an axisymmetric divergence free vector field without swirl 
such that — ^ L'^ and wq G L°^. Let po G H^'^ be an axisymmetric function. Then the system 
p.2p admits a unique global solution (p, u) such that 

u G C^(M+; H^) n lL(M+; H^'^ n H^'^), Vu G LZ{m+; L), 



Remark 1.2. Compared with Theorem 11.11 the condition dzUJo £ L^ has been replaced by 
ujQ G L°^ in Theorem 11.21 It enables us to extend the global well-posedness theory to vector- 
field lying in space L (which ensures the vector-field belongs to LogLip space) instead of being 
Lipschitz. Our choice is motivated by the well-known result that the velocity in the LogLip 
space LL (see (|6.15p in Appendix |A]) seems to be the minimal requirement for uniqueness to 
the incompressible Euler equations. Indeed, the vorticity equation can provides us the L^- 
norms of vorticity with 2 < p < oo. This allows us to get that Vn G LJ^j.(M+;L) by means 
of the relation ||Vu||^p < Cp||a;||^p. Furthermore, we can obtain the global well-posedness by 
exploring losing estimates. 

The paper is organized as follows. In Section[2]we shall give the definitions of the functional 
spaces that we shall use and state some useful propositions and algebraic identity. Next, we 
shall obtain a priori estimate for sufficiently smooth solutions of (jl.2p in Section [3l The last 
two sections will be devoted to proving Theorems 11.11 and 11.21 In Appendix, we shall give 
a few technical lemmas used throughout the paper. We shall also prove an existence result 
and a losing estimate for the anisotropic equations with a convection term, which are the key 
ingredients in the proof of the results. 

Notations: Throughout the paper, we write M^ = M| x M„ The tridimensional vector field 
u is denoted by {u^,u^), and we agree that V/i = (9i,92)- Finally, the Xh (resp.jAr^,) stands 
for that X/j is a function space over M^ (resp.,Mt,). 



2 Preliminaries 

2.1 Littlewood-Paley Theory and Besov spaces 

In this subsection, we provide the definition of some function spaces based on the so-called 
Littlewood-Paley decomposition. 

Let (x, ^) be a couple of smooth functions with values in [0, 1] such that x is supported in 
the ball {^ e M"||^| < |}, v? is supported in the shell {C e K"|| < |^| < §} and 

X(0 + Y^ ^{^'^0 = 1 for each ^ G M'^. (2.15) 

For every u S 5'(]R"), we define the dyadic blocks as 

A_iu = x{D)u and AjU := ip(2~^ D)u for each j E N. 
We shall also use the following low-frequency cut-off: 

Sju := x{^~'D)u. 
One can easily show that the formal equality 

u= Y^ AjU (2.16) 

holds in 5'(M"'), and this is called the inhomogeneous Littlewood-Paley decomposition. It has 
nice properties of quasi-orthogonality: 

AjAfU = if \j-j'\>2. (2.17) 

Aj{Sj,^iuAj,v) = if |i-/|>5. (2.18) 

Next, we first introduce the Bernstein lemma which will be useful throughout this paper. 
Lemma 2.1. There exists a constant C such that for g, /sEN, l<a<6 and for f G L"(IR"), 

sup iia-vili" < c^2^('=+-(^-i))||5j|u., 

\a\=k 

C-*^2'?^||A,/||i. < sup ||a"A,/||M<C^'2'?'^||Ag/||L.. 

\a\=k 

Definition 2.1. For s G M, {p,q) G [1,-hoo]^ and u G 5'(]R"), we set 

ll«lliJ|,(R") := ( Yl 2^'' ll^i^llL(K")) ' 'f r<+oo 
and 

IpIIbi_^{R") •= .s^p 2 II^j'"IIlp(r") • 

Then we define the inhomogeneous Besov spaces as 

B;^^iR^) := {u G 5'(M")| ||n||^._^(j,„) < +oo}. 
We also denote i?| 2 ^V ^^ ■ 



Since the dissipation only occurs in the horizontal direction, it is natural to introduce the 
following definition. 

Definition 2.2. For s,teR, {p,q) G [l,+oo]2 and u G cS'(R2), we set 



\U\\ TDS,t 



y^ 2Jsq2ktq 
j,k>-l 



A'^Alu 



if r < +00 



and 






sup 2J'"2'=* 

j,k>-l 



A'^Alu 



LP 



Then we define the anisotropic Besov spaces as 



B. 



;:li^') 



:= {uGcS'(R^)| \\u 



'Bri 



< +00}. 



We also denote B'22 by H'^'^. 

Let us now state some basic properties for i/'^'* spaces which will be useful later. 
Lemma 2.2. The following properties of anisotropic Besov spaces hold: 

(i) Inclusion realtion: \\u\\^s2,t2m3) ^ ll^ll/f^i.tw 
[ii) Interpolation: for si, 82,^1,^2 G ^ Oind 9 G [0, 1], we have 



^ llnll us, M (vi\ if S2 > si and ^2 > *!• 



\U\\^es-^+(l-6)s2,Bt^+(l-B)U^ 



l_H'''2>*2 



ii-e 



{Hi) For s,t>0, \\u\\j^s,tf^3\ is equivalent to 
{iv) \\u\\fjs,t 



m\H-{Rl)\\HHR.) - IIII'"II^'(ir.)II//-{r2)- 



(v) Algebraic properties: for s > 1 and t > ^ 



U\\ TTS,t 



2' W'^WH 



IS an 



ra. 



Proof. We first point out that (i) and (ii) are obviously true. We only need to prove {Hi), 
(iv) and (v). From the definition of anisotropic Besov Spaces \\u\\f^s,tm3) and the Plancherel 
theorem, we can conclude that 

2 



I i|2 






j,fc>-i 



L2 



Er,2jSr)2kt \\,2 ,„ 



2 H|2 



j,k>~l 



•^^h i>-l •^'*" k>-l 



This together with Equality (j2.15p yields that 

JR3 



U 



//">* 



' I \u\\m+ I d'\u\\m+ 1 e\u\\m+ I d'if\n?mi (2-19) 

JR3 JR3 JR3 JR3 



lL2(R3) 



3^ + IIAtu 



h"llL2 



+ A> 



t;"'||L2 



+ AtA> 



/jJl„U||^2 



This implies the desired result (Hi). 
From (j2.19p . it is clear that 



u 



H" 



f (1 + Clni + e.y\n\HC)dC ^ [ |(l + A^)(l + A*H2(x)d. 



i2Ni 



(1 + A^)2||(l + A^).n||^ 



u 



r2 l^nKDII^*(]R„)- 

Similarly, we can show that ||n||j^,,t(ig3) ^ ||lkl|Ht(R„)||j|^s(iR2-)- 

Finally, according to the fact that H^{W^)(s > ^) is an algebra and (iv). Thus, for any 
u,veH'^\s> l,t> i). 



IH" 



<C\\u\ 



\H-{K)\\Ht[^v) 



Hs,t nuWH^.t ■ 



/f«(R2)ll'^ll//''(K2)||i/t(M„) 



This is exactly the last result. 
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2.2 Heat kernel and Algebraic Identity 

In this subsection, we first review the properties of the heat equation. Next, we give two useful 
algebraic identities and its properties. 

Proposition 2.3. fl^ [25^ There exist c and C > such that for every u solution of 

idtu-Au = 0, xGM'", 
\u\t=o = no, 

the following estimates hold true 

(i) ||u(t)||ip(Kn) = ||e*^uo||LP(R") < C"* ^ " p'\\uo\\li{R"), forl<q<p<oo. 



ct22j I 



(a) \\Aju{t)\\Lp(j^n) = ||e*^AjUo||LP(Rn) < Ce ''*^''' ||uo||LP(Rn), for j > 0. 

Next, we intend to recall the behavior of the operator ^A^^ over axisymmetric functions. 

Proposition 2.4. 120^ If u is an axisymmetric smooth scalar function, then we have 
a 2 2 

(^) A-\{x) = ^TZuuix) + ^n22u{x) - 2^7^l2n(x), (2.20) 

with TZij = dijiS.'"^. Moreover, for p g]1,oo[ there exists C > such that 

\\{dr/r)A-^u\\Lv<C\\u\\Lv. (2.21) 

Proposition 2.5. Let u he a free divergence axisymmetric vector-field without swirl and uj = 
curlu. Then 

^ = 9.A-1 n) - 2^A-i9.A-i n) . (2.22) 

r \ r J r \ r J 

Besides, there hold that 



and 



d 


V r 


-) 


<c 

LP 


r 


5 

LP 


1 < p < OO 




r 


L^ 


i, <c 

-1 


r 


1 

Li 


1< g < 3. 



(2.23) 
(2.24) 



Proof. Using Biot-Savart law and the fact uj = ugCQ, we have 

u^ = A~i ((5,^0) cos 0) = d,A^^ (xi — 

V r 

and 

u^ = A-^ ((a^u;e)sine) = d.A'^ (xa— ) 

On the other hand, we observe that 



A- (..^ 



^1 /^ 
r 



-11 /^ 
r 



XiA^M — ) - h,A-^| (-^), fori = 1,2. 



Applying the Laplace operator to the commutator [xj, A ^1 (^), we get 

A[xi,A- 



-11 /^ 
r 



x,^+a(x,A-i(^ 

Xi \- Xi h 2diXidiA~^ ( — 



-2diA-' (^) . 
r J 



This means that 



Inserting this estimate in (j2.27p gives 



[x.,A-](^)=2a.A-(^)=2x.^A-(^ 



a. 



A-(x.^)=x.A-(^)-2xAa-(^ 
\ r J \ r J r \ r 

Plugging (f^:^ in ([T^ and (I22SD, respectively, we get 



u' xiui + X2n2 _x2 + a;|^^^_i i^w^n^ _ ^'A±A_^^-1q^^-\ (^\ 



r^ 



--d.A-^ 



Ldg 



Furthermore, 



2^A-i5,A-^ f ^ 



.^^A-l«2A-l/''^e 



(2.25) 
(2.26) 

(2.27) 



(2.28) 



dr-^=diA-^m-2''-^A^^diA' 

Combining this with Proposition 12.41 ensures us to get the estimate ()2.23p . 

Finally, by using Proposition 12. 4[ L^-boundedness of Riesz operator and the Sobolev em- 
bedding theorem. 



3q < C 



aA- 



1 f^e 



3q < C 



(J0 

r 



Li 



This completes the proof. 
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Next, we will give a precise expression about ^ and ^ by virtue of the algebraic identity 
(I2.22P and the harmonic analysis tools. More precisely: 



Proposition 2.6. Let u be a free divergence axisymmetric vector-field without swirl and uj = 
curlu. Then 

- = (cl-47l^)f^*^+67l^4^*-+67l^4^*--127l^^^f^*^, (2.29) 

f. o 2r(i) , . 3r(|) 

where ci = zvr 2 ^^ ana 71 = i'k'^ ^w • 

Proof. From the algebraic identities (I2.22p and (I2.20p . we obtain 



u 



d.A' 



1 f^d 



r \ r 

On the one hand, 



2%7^na.A- f^U2^7^..5.A- f ^U 4^7^,.9.A- f^ 



(2.30) 



A-'(?)^-^-(^e)«) 



1 uje 

-Cii — r * — • 
\x\ r 



Thus, 



d.A- 



1 /'^e 



2:3 ^0 
a; r r 



On the other hand, 



^^AA-(^) = -^.^.^-(|.(^)(e) 



lei^vr 



(2.31) 



Since ^^ is a harmonic polynomial of order one, then we can get by using Theorem 5 of Chap-4 
in EOl that 



T' 



Inserting this equality to ()2.3ip . we have 



r / 



Xk 

71 rr- 
\x\ 



Xk UJ0 

— - * \{X] 

\x\ r 



■ e X3 ^e , . „. XkXjXj, cde . . 
^mokj-r-n * — (^) ~ 3z7i ; * — [x). 



Plugging these equalities in ()2.30p gives the desired result. 



n 



Remark 2.1. Let us point out that the equality ()2.29p implies the S-Y estimate of [29]. More 
precisely, by virtue of (|2.29p and the triangle inequality, we can conclude that 



(ci - 471?)— pr * h 67iz^— -=- * h 67l^^— -^ * 127iz — 5 — -=— * — 






r 



Proposition 2.7. Let u be a smooth axisymmetric vector field with zero divergence and we 
denote u = ugcg . Then 



u" 


<C 


UJ0 


1 
2 


r 


LOO 
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L2 



v.f^ 



\ r 



2 

L2' 



10 



Proof. From (|2.30|) . it is clear that 
< C 



L°° 



d.A-^(^ 



L°° 



k,j 



L°° 



(2.32) 



For the first term in the right side of (j2.32p . by using Lemma IF.H we obtain 



d,A' 



i(^e 



L°°(Ra) 



< 



vaA-^r^^ 



r / 



V;,va,A' 



i/we 



<C 



We 
r 



Vh 



/We 

V r 



Using Lemma IF . 1 1 again and applying the L^'-boundedness of Riesz operator, the second term 
can be bounded by 



if^e 



VTZkid.A' 



This ends the proof. 



2 
L2(K3) 



VhVTZkjd.A- 



if^e 



<C 



r 



Vh 



Loe 
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3 The priori estimate 

In this section, we will give some useful priori estimates. 

3.1 Energy estimate and higher-order estimate 

We start with L^ energy estimates and the maximum principle. 
Proposition 3.1. Let {u, p) be a solution of (jl.2p . then 

IHmh + W^huWl^L^ < i\\uo\\L2 + t \\po\\L2f 
and 



ymh + \\VhP\\i2L2 < wpowI^ 



Besides, for 2 < p < oo, 



IIpWIIlp < IIpoI 



LP 



(3.33) 

(3.34) 
(3.35) 



Proof. The proof is standard, we also give the proof for reader convenience. We first prove the 
estimate (I3.35p . Multiplying the second equation of (II. 2p by \p\^~'^p and integrating by parts 
yields that 



pdt 



Thus we obtain 



_d 
di 



^ < n 



which implies immediately 



LP ^ 1 1 Pol I LP 



For p = oo, it is just the maximum principle. 
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For the first one we take the L^-inner product of the velocity equation with u. From 
integration by parts and the fact that u is divergence free, we obtain 



1 d 

2dt' 



nit)\\l, + \\Vf,uit)\\l,<\\u{t)h4p{t)h.. 



Furthermore, we conclude that 



(3.36) 



dt' 



HmL^ < 



L2. 



By integration in time, we get that 

||^i(i)||L2 < ||uo||l2 + / l|p(T")llL2dT < ||uo||l2 +t\\po\\L2, 

Jo 
where we used the fact ||/5(i)||/,2 < ||/Oo|Il2- Plugging this estimate into (|3.36p yields 



2ll« 



/■* 1 

+ / \\^hu{T)\\l2dT < -||Mo|li2 + (||no||L2 +t||po||L2)||/9o||L2i- 



This implies the first result. 

Finally, by the same argument as in proof of (I3.33p . we obtain the estimate (I3.34p . 



D 



Subsequently, we will establish the estimate of the quantities -^ and uj which enable us to 



get the global existence of axisymmetric system (|1.2p . 

Proposition 3.2. Assume that uq £ H^, with — G L^ and po £ L^ . Let {u, p) be a smooth 
axisym,m,etric solution (u, p) of (jl.2p without swirl, then we have 



CO 



-it) 
r 



+ 



W 



V,J- (r) 



L2 



dT< 2 



UJo 

r 



L2 



+ \\Po\ 



2 ' 



and 



Mt)fH,+ [ ||V;,n(r)||^idr<Coe^°*, 
Jo 

where Cq depends only on the norm of the initial data. 



Proof. According to the equation (jl.lOp . it is clear that ^ satisfies the following equation 

(3.37) 



(dt + u-V) (Ah + -dr) — = 



Now we recall that {dt + u ■ V)/9 — Af^p = 0, which can be rewritten as 

{dt + U- V)p - (A^ + -dr)p = --drP. 

In view of (j3.37p and (|3.38p . we can set F := ^ — ip and then F solves the equation 

{dt+U- V)F - (A;, + -dr)T = 0. 

r 
Taking the L^-inner product with F and integrating by parts, we have 



(3.38) 



1 d 
2di' 
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L2 



<o. 



where we used the facts that u is divergence free and — / ^^Tdx > 0. By integration in time, 
we obtain that 



\nml^+ [ ||v,r(r)||i.dr<||ro||i2. 

Jo 



This together with the estimate (j3.34p yield that 



uje 



-^(t) 



L2 



V.(^)fr 



L2 



dr 



L2 + \\p{t)\y f + (||V,r(i)||,.^. + \\Vhp{t)\\LlL^f 



r 

<(l|r( 

<2(||ro||i2 + ||poIIl2)^ 

This gives the first claimed estimate. 

To prove the second estimate. By taking the L^-inner product of ()1.9p with ujq we get 



1 d 



\^e 



2dt 
Integrating by parts 



l, + \\Vnue{t)\\i, + \\'^{t) 



I? 



w 



-(jjQ(jjQdx 



drpUJgdx. 



drpujedx = 27r / drpujerdrdz = 27r / pdrUJerdrdz + 27r / pujgdrdz 

pdrOJedx - 
Thus, by the Holder inequality, we have that 



We , 
p — dx. 
r 



drpojodx 






Next, by virtue of the equality (j6.6p . Proposition 12.51 and the Young inequality, we obtain that 



u 



ujQUjQdx 



< 



d. 



L2 



llWelll ll^/i'W9|l2 11^^9112 



<C 



<c 



oje 




r 


L2 


UJo 


4 
3 


r 


L2 



\ujg\\^ \\VhU}e\\ 



l^eWl + :: W^ h^eWl 



Collecting these estimates with Proposition 13. II yield 



^^\\Mt)\\h + \\VhUJe\\l2 + 



r 



L2 



< 



IP0II2 + 



CJ0 

r 



■^ II l|2 

^2 II '^112 



Therefore we get by the Gronwall inequality that 



\Mmh+ f(\\VHMr)\\h+ -(r) \)dT 
If) \ r L^ / 



< 



CeIo\mr)\\l,dr 



r 



L2 



+ WpoWi^t 



Since ||a;||j;^2 = ||ci;e||i2 and ||V/iC(;||^2 = ||V/iLc'6»||^2 + ||i^||j^2 • So, we finally obtain that 

Mt)\\h+ ri|V/.w(r)|li2dr<Coe^ot. 



This together with the energy estimates yields the second desired estimate. This ends the 
proof. D 
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3.2 One derivative estimate on vertical variable 

In the absence of dissipation on vertical variable, we need to establish the following estimate 
on vertical variable in order to compensate this deficiency. 

Proposition 3.3. Assume that dzPo G L^ and dzOJQ G L^, then we have 

\\dzP{t)\\l2 + l"\\yhdzp{r)\\l. At < Cie^^P^i*, (3.39) 

JO 

(3.40) 



and 

rt 

„CxpC2t 



\\dMt)\\h + I \WhdzUj{T)\\l2 dr < C2e 
Jo 

where Ci and C2 depend only on the norm of the initial data po and coq ■ 

Proof. Applying the operator dz to the second equation of (|1.2p . we obtain 

{dt + u- V)dzP - AhdzP = -dzu^'drp - dzU^'dzP- (3.41) 

Taking the L^-inner product of the equation (j3.4ip with dzP and integrating by parts, we get 

1 d 2 2 /" f 

2dt 11^^'^'^*)"^' + \\^hdzP{t)\\L^ = - dzu'drpdzpdx- / dzU^dzpdzpdx 

dzu'^drpdzpdx + / — dzpdzpdx + / drvJ'dzpdzpdx 

■.=1 + 11 + III, 

where we used the fact divu = drU^ + - — \- dzU^ = 0. 

For the first term /, by using (j6.7p . the Holder and the Young inequalities, we have 

i i i i i 1 

I < \\dzu''\\l2 \\^hdzu''\\l2 \\drp\\l2 \\dzdrp\\l2 \\dzP\\l2 \\^hdzP\\l2 

1 2 

<2 ||92li'"||^2 \\VhdzU'\\^2 \\drp\\L2 \\dzP\\L2 + T W'^hdzPWLi 

^ 1 1 V7 O T'l|2 I II ||2 ll'"! ||2 ll'"! ||2 I II \— 7 O 1 1 2 

< II Vft4u 11^2 + ||a;||^2 WOrPWip. \\OzP\\i2 + - \\yhOzP\\i,2 . 

We now turn to bound the term //, by using (j6.6p . Proposition 12.51 and the Young inequality, 
we have 

// < lluVHli l|5.(nVr)|||2 ||5,p|||2 llV/Aplli ||9,p||^2 

- - - 2 1 2 

<C \ujel'r\\i2 ||9z/o||22 ||V/,9^p||22 < C \uelr\\j, \\dzp\12 + - \^hdzP\\i2 . 

Similarly, the term /// can be bounded by 

3 1 ii 1 

||<9rn''||*6 \dzdrU^\l^ \QzPVlfi V^hdzPVL^ 

- - - 2 1 2 

<C ||(9rVn||^2 11^2^1122 V^hdzPVti ^ C" ||Vhw||£2 ||5^pIIl2 + - ||Vh52/3||^2 . 
Combining these estimates, we have 



^Ii5.^wiii2 + iiv,92p(t)iii2 



4 



|2 I ||,.||2 iiQ _||2 iiQ \\2 , iivT ..II. 3 lid „I|2 



^ 1 1 v~7 o r \\ ^ 1 II iiz 110 iiz 110 iiz , II ^— 7 11^ 110 11^ I — " '^ 110 
< \\yhOzn 11^2 + ||w||^2 ||<9r.p||^2 lla^pll^a + ||VfeW||£2 WozPWl-^ + — \\(JzP 



UJ0 



r 



3 no ||2 

^, \\dzP\\v2 
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Since ||V/iVu||^2 — ||V/ja;||^2- By the Gronwall inequality and Proposition 13. 2t we obtain the 
first desired result (j3.39p . 

Applying dz to the equation (]1.8p . we get 



dtdzuj + u ■ VdzUj - AhdzU} = -dl^pee 



dzu' 



■uj -\ dzUj — dzu^drco — dzU^dzUJ. 



Taking the L^-inner product to the above equation with dzco and integrating by parts, we 
obtain 

— wdzivmh + w'^hdzu^mh 

f (7 II I II 



d^,^.pe0dzUjdx + 



-uc 



dzvJ' drOjdzOjdx — / d^u^d^uid^uidx 



dl^pegdzOjdx + j dz[ — I ojdzUjdx + 2 / — dzUjdzOodx 



dzU^drCodzUjdx + / drvI'dzUjdzUidx 



i=l 



Here we used the fact divn = dr-u^ + ^ + dzU^ =0. 

By the Holder inequality and the Cauchy-Schwarz inequality, we know 



By the inequality (j6.6p and Proposition [27 



J2< 



dzi^ 

r 



L2 



/ }\\ 4 ll;^ / ill 4 llr) / ill 2 IIW, f) , 1 
W rR \\OzU}\\r9. \\Oz^\\t->. W^hOzU} 



lL6 11^^2^^112,2 



L2 W^hC 



<c 
<c 
<c 



dzC- 



L2 



Vwlira Il<9,a;||r2 llV/,9za; 



lL2 



£2 \\"^h<- 



Il2 



r 
r 



|V?»w||*2 Il'92^lli2 W^hdz^Wl'z + C 



L2 

4 



IL2 



r 



L2 



\dz,uj\\^o \Whdz.uj 



Z^\\l2 II VhC^WJI^z 



We 

r 



- 1 

■^ 110 1 1 2 I II T— 7 o 1 1 2 

^2 II'92'^IIl2 + -||V/,a^a;||^2. 



For the third term J3, we get by virtue of the inequality (j6.6p and Proposition 12.51 that 



J3<2 
<C 



u 
r 

UJ 

r 



dz 



u 



3 

4 

L6 

4 

3 II n ll2 
L2 "-^ 



||52a;||22 \\Vhdz0j\\L2 



-*- llvT a ll2 
- \\\/hOz^^\\L2 



Arguing as for proving J2, the term J4 can be bounded as follows. 

ill 1 1 1 

Ji < \\drUj\\l2 \\dzdrl^\\l2 ^^^^'^'111,2 \WhdzU''\\l2 \\dz^\\l2 \\'^hdz'^\\l2 
1 i i i 

< \\uj\\l2 \\drUj\\l2 \\VhdzU''\\l2 \\dzU)\\l2 \\Vhdz(^\\L2 
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1 2 

<C \\u:\\l2 \\drUj\\i^2 W^hdzu' 11^2 ||<92a;||^2 + - \\Vhdz^\\L2 

o 

^ /^ II II 2 II T— 7 r\ r \\1 MO ||2 I /-y NO II 2 I II vv o m 2 

<C ||C^||^2 ||V/ia^M 11^2 11(72(^11^2 + C \\OrU}\\^2 + - \\\/hOz^\\i,2 ■ 

o 

We turn to bound the term J5, by Lemma IF. 21 and the Young inequahty, we obtain 

1 1 



II 111 2 1 

< \\uj\\^2 \\dzdiu 11^2 ll^zwll^z + - \\Vhdzi^\\L2 . 



Putting this ah together and using the fact that ||V/iVm||^2 — ||V/jaj||j;^2, we get 



dt 



.UJ 



l2 + l\\v,dzumh 



<\\dM\l2 + \\dlp\\l2 + C 



r 



L2 



WVhu^Wh + c 



r 



\\dzuj\\l2 



I /^ II II 2 I It— 7 O V \\^ NO ||2 I /^ NO II 2 I II II ||\— 7 T~7 II 111 II 2 

+ C ||a;||^2 WVhOzU \\i^2 \\OzLo\\^2 + C ||dra;||j;^2 + ||w||^2 \\\/h^u\\j^2 \\OzUj\\i2 



< 1 + 



r 



4 
3 

L2 



+ M 



L2 



|V/,tj| 



L2 



n ||2 , ||o2 11^ 



r 



\VhUj\\^2 + ||<9rW||^2 . 



This together with Proposition l3.2l and the Gronwall inequahty yields the desired the result. D 



3.3 Strong a priori estimate 

In the following, our target is to establish the global estimate about Lipschitz norm of the 
velocity which ensures the global existence of solution. 

Let us first give a useful lemma which provides the maximal smooth effect of the velocity 
in horizontal direction. 

Lemma 3.4. Let si,S2 G K and p G [2,oo[. Assume that {u,p) be a smooth solution of the 
system p.2|) . then there holds that 

||mLir''1+2,s2 ^ ||no||Rn.=2 + ||lt||rlR=l^»2 + ||u(g) u|Li„si+l,S2 ,i„n,S2 + l + ||p|| r 1 R=l '=2 . (3.42) 

Proof. Applying the operator A^ A^ to (II. 2|) and using Duhamel formula we get 



u, 



,,fc(t) =e*^'^n,,fc(0) - / e(*-^)'^''A^A^P(n-Vn)(r,x)dr- / e^'-^^^>^A'^AlVp{T,x)ezdT, 
Jo Jo 



where Uq^k = A^A^,n and V is the Leray projection on divergence free vector fields. 
According to Proposition 12.31 we have the following estimate for q > 



^IfWi 



|e "^g^fc/llLP{R2) 



LP{R^) 



<Ce-^''''\\A^^AlfUpm- 



||e*-'^A^A^,/||^.(M3) < 
Therefore, for g > 0, we have 

IKkhlLr' < 2-2'?||n,,fc(0)||iP + 2-2'/ r ||A^^A^,(n • Vn)(T)|Updr + 2-'^pq,,h^i^p 

fj 
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Multiplying 2'^(*i+2)2'^''2 a,nd summing over q, k, we obtain 



+00 



E2g(si+2)2fcs2|| ,11 -.^ 
^ ^ \\"'q,k\\L]LP 

q=0,k=-l 

+00 „f +00 

rt ; 1 "^ U r\ 1 1 



q=0,fc=-l 



g=0,A:=-l 



t +00 



•^0 (7=0,fc=-l -^^ o=0,fc=-l 



It follows that, 



I LIB, 






g=0,fc = -l 



< ||U|| rlRSl>S2 + IkollR^l'^a + \\U0 ti|Li„si+l,S2 + ||n(8) ti|Li„si,i,2 + l + 1 1 pl I r 1 R = l ■"2 . 



This ends the proof. 
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Proposition 3.5. Let uq G H^ be a divergence free axisymmetric without swirl vector field 
such that ^ G L^, dzUjQ G L^ and po £ H^'^ an axisymmetric function. Then any smooth 
solution (n, p) of the system (11.2p satisfies 



llVnll^i^o. < Coe 
Here, the constant Cq depends on the initial data. 



cxpCoi 



Proof. According to the structure of axisymmetric flows and the incompressible property of 
velocity, we know that divu = drU^' + ^ + dzU^ = and ujq = dzU^ — drU^. Therefore 



\Vu\ 



LiL° 



<\\drU^'\\r'Lr°° + II^zM'"!! riroo + ||9r^^ II r i /-oo + \\dzU 



r 



\drU^ 



LiL° 



\LiL° 



r" \\LiL° 



lLfL° 



+ Wdzu'Wr^r.oc + ||9r-if^ll7-,i 



(3.43) 



LiL° 



For the quantity ll^rlLiroo- By virtue of Proposition 12.71 and Proposition 13.21 we get that 



<C 



r 



2 



Vy. 



UJ0 



LJL^ 



<Ce 



ct 



Next, we turn to bound the quantity ||i9zu'^'||j;^iioo, by using Lemma fF. II and the Bernstein 
inequality, we have 



Idzi 



LiL^ < C / \\dzVu'\\l,\\Vhdz'^u''\\l2dT < C||a,^||2oci2||V;,a,a;|||i^2- 



For the quantity ||5r-w'"||j;^ij;^oo and ||c^r^^||LiL°°' ^Y taking advantage of Lemma 12. 1| we know 

||(9r.n''|| rl roo + ll^rU^II rlfoo < C||ti|| , 1 . 

^f°2,l 

Furthermore, by virtue of Lemma [331 we get 



\u\\ 



9 1 5, kiO n 1 + "U n 1 + n ® M 1 1 + \\u ® u\\ „ 3 + \\p\\ „ 1 

^t-°2,l -°2.1 -^^4^2,1 ^t-°2,l ^t-°2,l ^t-°2,l 
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< 



\uo\\hi,i + IMiim-i + \\u^u\\^ij^2,i + ||n® u||^^^5_7 + \\p\\Lim,i 



^ \\uo\\m,i + II^IIlihi.i + \H\l^m,i + hll^2^5_7 + Wphim,! ■ 



On the other hand, from the definition of space, we have 

72„ 



and 



II«IIl2H2.1 ^ \M^L2 + \\dzU\\L2L^ + \\^hU\\L2L2 + \\^hdzu\\^2L2 
5 7 5 7 

11^11^2^1,1 <\\u\\l2l2 + \\K4l^^l^ + W^^MIl^^l^ + WK^v^L^^L^ 

~ IklLjLa + ||VhM|L2r2 + ||V|^*||r2r2 + H^z^^H r2r2 + ||52^||r2r2 + W"^ hdzUj\\ t2 r2 ■ 

'' t t t t t 

It remains to bound the norm of p. By the first estimate of Proposition I3.2l and Proposition 
we have 



\p\\Ljm.-^ ~ I|/'IIlJL2 + ll'^^'^ILiL2 + ll^'^'^ILiLZ + \\'^hdzp\\i^iL2 < C'e^^'P 



Ct 



Collecting these estimates with Proposition 13.331 Proposition 13.21 and Proposition 13.31 yields 
that 



iVull^i^^ < Coe'^'P^"*. 



This ends the proof. 
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4 Proof of Theorem 11.11 

Here we use the Friedrichs method (see [IT] for more details): For n > 1, let Jn be the spectral 
cut-off defined by 

We consider the following system in the spaces L^ := {/ G L^(]R'^)| supp/ C B{0,n)}: 



' dtU + VJndiv{VJnU (g) VJnU) - AhVJnU = VJnipes) 

dtp + Jndiv{JnUJnp) - AhJnP = 0, 
^{p,u)\t=0 = Jn{po,Uo)- 



(4.44) 



The Cauchy-Lipschitz theorem entails that this system exists a unique maximal solution 
{pn,Un) in C^{[0,T*[;L^). On the other hand, we observe that J^ = J«,7^^ = V and 
Jn'P = 'PJn- It follows that {pn,'Pun) and {JnPn, JnPun) are also solutions. The unique- 
ness gives that Vun = Un, JnUn = Un and JnPn = Pn- Therefore 



dtUn + VJndiviUn U„) - A/jU„ = VJniPnes), 

dtPn + J„div(n„pn) - AhPn = 0, 
divu„ = 0, 

{Pn,Un)\t=0 = Jn{PO,Uo). 



(4.45) 



As the operators J„ and VJn are the orthogonal projectors for the L^-inner product, the above 
formal calculations remain unchanged. We will start with the following stability results. 
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Lemma 4.1. Let uq be a free divergence axisymmetric vector- field without swirl and pq an 
axisymmetric scalar function. Then 

(i) for every n G N, uo,n and /5o,n o-^e axisymmetric and divtio,n = 0. 

(ii) If uq (z H^ is such that (curl UQ)/r G L^ and po G H^'^ . Then there exists a constant C 
independent of n such that 

\\uQ^n\\m < Ikollni. ||(curl uo,n)A||^2 < C||(curl uo)/r||^2, 

||/50,n||L2 < ||po||l2i l|PO,n|Uo,i < CUpoll/fO,! . 

Proof. The proof of ||(curl UQ^n)/f\\^2 ^ C||(curl iio)/r||^2 is subtle, one can see [16] for more 
details. Other estimates can be proved by the standard methods. D 



Now, we come back to the proof of the existence parts of Theorem 11.11 From Lemma 14. H 
we observe that the initial structure of axisymmetry is preserved for every n and the involved 
norms are uniformly controlled with respect to this parameter n. This ensures us to construct 
locally in time a unique solution {un,Pn) to the approximate system ()4.45p . On the other 
hand, we have seen in Proposition 13.51 that the Lipschitz norm of the velocity keeps bounded 
in finite time. Therefore, this solution is globally defined. By standard compactness arguments 
and Lions- Aubin Lemma we can show that this family {un, Pn)neN converges to {u, p) which 
satisfies in turn our initial problem. And the Fatou Lemma ensures (u, p) G X, where 

X :=(Li- (M+; H') D lL(M+; H^^') n LJ^,(M+; H'^' n if^'^) n lL(M+; H^'' n H^'^) 
nLi„,(M+;Lip)) X (Li-(M+;F0'i)nLL(]R+;i7i'i)). 

It remains to prove the time continuity of the solution (u, p). We only show that u belongs 
to C(M+; H^), the other terms can be treated the same way. First we show the continuity of u 
in H^. Indeed, we just need to show that u G C(M+;L^). Let us recall the vorticity equation 

u^ 

dtoj + u ■ Vw — A/iW = —drpeg -\ w. 

r 

It is easy to check that the source terms belong to Lf^^{R^; L'^) . Using the fact Vn G 
Lj^^^(M+;Lip) and applying Proposition IF. 41 we get the desired result a; G C(M+;L^). 

Next, let us turn to prove the uniqueness. We assume that (uj, pj) G X,l < i < 2 be two 
solutions of the system (jl.2p with the same initial data {uq, po). Then the difference {Sp, 5u, 6p) 
between two solutions {pi,ui,pi) and {p2,U2,P2) satisfies 



{dt6u + div(ii2 ® Su) — AhSu + V5p = —5u ■ Vui + Spcz, 
dfSp + div(M2'5p) — A/i(5p = —6u ■ Vpi. 

Taking the L^-inner product to the first equation of ()4.46p with u, we obtain 



(4.46) 



Ids 2 f f 

-— ||(5n(t)||j^2 + ||V/j(5ti||^2 = — / 6uVui6udx + / 6pez6udx 

<\\Vni\\^^\\6u\\l, + \\6p\\L,\\6n\\^, . 
On the other hand, by the same computation, we get 

~ \\Spit)\\l2 + W'^hSpWh = -J6uVpi6pdx = - 1 {6uYdrPi6pdx - I i6uyd,pi6pdx. 
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By Lemma IF.3I and the Young inequality, 

1 1 j. ill 

{duYdrPi6pdx < WiduYWl^ W^hi^ufWl^ \\drPl\\l2 WdzdrPiWli \\Sp\\l2 \\^h^P\\l2 

<C \\drPl\\L2 \\dzdrPl\\L2 \\Su\\^2 \\6p\\l2 + - \\VhSu\\^2 ||V/j(5p||^2 . 

Using Lemma lF.31 and div5u = 0, we have 



{6uyd,pi6pdx < \\{5uy\\f2 \m5uy\\f, \\d,pi\\f, \\VhdzPi\\f2 \\Sp\\]2 \\Vh6pr 



< IKHIli l|V/.(Hlli \\dzpi\\l2 \\VhdzPi\\l2 \\5p\\l2 \\Vh5p\\l2 
<C \\dzpi\\L2 \\VhdzPi\\L2 \\H\l^ ¥p\\l^ + \ \WhH\L^ l|V/,<5p||i2 
The combination of these estimates yield 

~¥pmi2 + \\vjp\\i2 

<C(||Vfe/9i||^2 + \\dzPi\\L2) WVhdzpiWi^ ¥u\\l^ ¥p\\l^ + \Wh5u\\L2 W^h^pWi^ ■ 
This together with (|4.47p yields that 

~ (lIMOIIi. + ¥u{t)\\l^) + \Wh6p\\l2 + \\yH5u\\h 



<C{ WVhPiWl^ + WOzPiWl^ ) \\yhdzPi\\L2 \\5u\\^2 \\5p\\l2 + ||V,,5n||^2 ||V/,5p||^2 
+ \\Vu4^^\\5u\\l2 + \\6p\\^2\\5u\\^2. 

Consequently, 



dt 

where 



{\\5p{t)\\i2 + \\6umi2) < cF{t) (\\5pml^ + ¥<m 



F{t) = {\\VhPi\\L2 + \\dzPi\\L2) \\VhdzP1h2 + \\Vui\\^^ + 1. 

By Proposition 13. II and Proposition 13. 3| we know that F{t) is integrable. Therefore, we obtain 
the uniqueness by using the Gronwall inequality. 



5 Proof of Theorem 11.21 

In this section, we intend to prove the global existence and the uniqueness of Theorem 11.21 for 
another class of initial data. 

Proposition 5.1. Assume that uq G H^, with ^ G L"^ and coq G L°°. Let po e H^'^ . Then 
any smooth axisymmetric solution (n, p) of (II. 2p without swirl satisfies 

Here constant C depends on the initial data. 
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Proof. Multiplying the vorticity equation (|1.9|) with \u}g\P "^oog and performing integration in 
space, we get 



/ Iwe^dx + {p-l) j |V/,^e| V^r-'dx + / \u:e\^~^'^dx 



1 d 
p dt 



(5.48) 



We consider the case p > 4. For the first term in the last line, we deuce by the Holder inequality 
that 



\ujg\Pdx < 



L°° 



I IIP 



Sll II ^ II l|Cf II 111— a •j.i, 4 

mce ||u||^p_2 < \\u\\]^2 \\u\\ip witn a = , _^^a 



2(p-4) 



and 



2(p-4) 



oje\^ ^\VhUJe\'^dx= / \ujgf ^iVhUJeCp-^" l^hUJel^^^dx < \\VhOJe\\l2' \\\uJe\'^ ^' "^ hUJe\\ ^2 ' • 
By using Lemma IF. 31 and some based inequalities, the second term can be bounded as follows 



^ 1 1 O 119 OZ 9 

<\\drp\\l2\\dr,p\\l2 



OJn 



p-2 



V^c^/ ) 



w, 



2 
L2 



p-2 



<C\/P||5rp||£2 ||9rzP||l2 ||we||^p-2 ^e' V/jiJe 



£ 



Vh(a;|) 



2 
L2 



<Cp^^ \\drp\\l2 \\dlp\\i2 WuJeWif ||a;e|||p' \\toe\\t W^hCoeWlf 



v.K") 



1 I (p-4) 



p-2 p-2 

-1 II q2 „II p-1 



I f*~ -'- 11/1 II P~ -'- 



p-2-^ 



<Cpp~i \\drp\\l2 ||54/o||£2 ||V/,a;e||£2" ||^e||£2' ll^eH^p 
Without loss of generality, we assume that H^gH^^p > 1, thus 

\\uJe\\lp + Cp^F{t) <C 



p-i 



+ - 



V/.(^|) 



2 ^ 2(p-2) 

L2 
2 



L2 



•^ II i|2 / n 



\ue\\lp+ACF{t), 



p-2 



where F{t) := \\drp\\^2^ W'^rzPWi^^ \\'^h^e\\'i2^ \\^e\\'[2^ • According to Proposition 13.21 and 
Proposition 13. 3| we know that F{t) is integrable. Therefore, by the Gronwall inequality and 
the relation ||a;||j;^p = ||a;e||^p, we obtain that 

Ikllip < Ce^^P^*( INIlip + |V(T)dT) . 

This together with the second estimate of Proposition 13.21 yields 

\MIp < Ce'^^P^* for 2<p<oo. 

Since ||Vn||^p < C^ ||a;||^p (see [13]. Chap-3). So, we finally obtain that \\Vu\\l < Ce^^P*^*. 
This ends the proof. D 
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Let us first focus on the existence part of Theorem II. 2i Let 

3^ :=(L£',(M+; H^) n LL(M+; H^'') n L^,iR+; H^'' n H^'') n LL(M+; H^'' n //i'^) 
nLL(M+;L)) X (LJ^,(M+; 7/0,1) nLL(M+;Fi'i)). 

To prove existence, we smooth out the initial data (uq, po) so as to obtain a sequence 
{uQ^rn Po,n)neN of smooth functions which converges to {uq,pq). From Lemma \^A\ it is clear 
that the initial structure of axisymmetry is preserved for every n . By preceding argument, 
it is easy to check that {un, Pn) G 3^- Combining this with the equations (jl.2p . one may con- 
clude that dtPn £ -^foc(^+' -^^^) ^'^^ dtUn € L^^^(IR+; L^). On the other hand, we know that 
L^ "^-7- H~^ and H^ ^^ L^ are locally compact. Therefore, by the classical Aubin-Lions argu- 
ment and Cantor's diagonal process, we can deduce that, up to extraction, family {un, Pn)neN 
has a limit {u, p) satisfying the equations (jl.2p and that {u,p) G 3^. The same arguments as 
used in Proposition IF. 41 allows us to show that the time continuity of {u,p) in low norms and 
the weak time continuity. In addition, in a similar way as used in Theorem 5 of [18], we can 
conclude that p G Cb(]R+;L^). 

Now let us turn to the prove the uniqueness. We assume that (uj,pj) G 3^, 1 < i < 2 be 
two solutions of the system ()1.2p with the same initial data (no,po)- One can write ()4.46p 

{dtSu + div(u2 (8> 6u) + div{6u (E> ui) — A^Su + V5p = 6pez, 
(5.49) 
dtdp + div{u25p) - Ah6p = -div{6upi). 

For the sake of convenience, let {a,/3,^) such that i<a</3<7<l. Note that 



\SgU\\^^ 3 \\SgUnj^g 



3 



< 2^ " " "^^ < 22 U r . 

q - g - " "^ 

By the same argument as in Proposition IF. 51 with the vector- field U2, then there exists Ti such 
that 

||<5/o||h/3-i <C f \\d[v{5upi)\\H-,-^ dr for ah t G [0,ri]. 
Jo 

The term on the right side can be bounded as follows. By virtue of the Bony decomposition: 

2 

d[v{6upi) = div{TsuPi + R{6u, pi)) +'^Tq^pJu\ (5.50) 

where we have used the condition div6u = 0. 

From standard continuity results for operators T and R (see for example [7]), we have 

WTsuPi + R{Su,pi)\\fj^ < C||(5u||^oo WpiWh^ • 
As for the last term, since 7 — 1 < 0, we infer that 

\\Td^piSu'\\^^_i < C||Vpi||j:^^-i \\5u\\^oo . 

We eventually get 

¥p\\Lf°{HP-^) < C \\pi\\l2(^h'<) II'^'"IIl2l- • (5-51) 

Now we turn to bound the term 5u. By using Proposition IF. 5^ there exists T2 such that for all 

te[0,T2], 

L^^H'-) + W^hHlmH-') ^ C{ ||(5p||i2(^;3) + \\5U ■ VUl 11^2(^:^,8) ) 
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for some constant C depending only on a,/3 and U2- Using again the Bony decomposition and 
arguing exactly as for proving (j5.5ip . we get 

\\5U ■ VUl\\fjl3~l < C \\Su\\^aa \\ui\\fjf3 . 

Therefore, given that ui G L^^{R;Hi^), 

¥u\\l^(h-) + W'^hHlmn^) ^ C'(PpIIl2(h/3-i) + II'5w|Il2(^oo)). (5.52) 

Next, our task is to show that ||(5m||^2^oo may be bounded in terms of Hi^uIIj^^ooji^q and of 

\NhSu\\L^H'-- 

According to the assumption a g]2, 1], we have (see the proof in Appendix |A|) 

||5w||ioo(iR3) < C \\5u\\j^J^^s) W'^hSullnc^^i) ■ (5.53) 

Combining these estimates, we can deduce that for some constant C depending only on T = 
min{ri,r2} and on the norms of {pi,ui) and {p2,U2), we have 

¥p\\L^Hf^~i < Cit-35[/(t), 5U{t) < c{t^ ¥p\\l^h^-i + t'^-Uuit)) 

with 

5U{t) := \\Su\\^^jjc. + W'^hHlL^^H- ■ 

It follows that 6u = (and thus 5p = 0) on a suitably small time interval. Finally, let us notice 
that our assumptions on the solutions ensure that 6p € C([0, T]; H"^^) and 5u G C([0, T]; H°^). 
Using a classical connectivity argument, it is now easy to get the uniqueness on the whole 
interval [0, cxd[. 

A Appendix 

In this section, we first give some useful inequalities which have been used throughout the 
paper. 

Lemma F.l. There exists a constants C such that 

1 1 

II'"IIl°°(r3) < C ||Vn|||^2(]R3) ||V/iV-u||22(iR3) • (6.1) 



Proof. By using the interpolation theorem, we get 

12 1 

This together with the Minkowski inequality and the embedding theorem gives 

< ||hllL°°(R„)||i<x=(iR2) 



IL°° 



1 11. 

I 2 II A 3„, II 2 



-"-'IIII"IIl6(r„)II^^'' «'IIl2(]r^)||^«;(k2) yo.i) 



^11 II A 3i, II , o Jl 2 II II A 3, ,11 . „. II 2 

S ||At,n||ioo k2 r2,j, J ||A,,U 



«fJllL2(R„)l|ll'^''"llL°°(M^)llL2(R„)- 
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On the other hand, using again the interpolation theorem and the embedding theorem, we 
have 



and 



I A 



<C||a|a|<,z)|||(^,)||a|a|<,z)|||, 



«D 



(6.3) 



2 2 14 2 2 

||A|u(-,z)||^oo(ir2) <C||A|m(-,z)|||3^jjj2^||A|A|u(-,z)|||2^j^2^ 

<C7||A|A|n(-,z)|||2(K2)l|A|A|n(-,z)|||2(iR2). 
Inserting (16. 3p and (16. 4p into (16. 2p . and using the Holder inequality, we get 



(6.4) 



12 1 



\u\ 



< IIA3A37/||3 IIA^A^i/ll^ 2 IIA^A^i/ll^ IIA^A^,;! 

^ 1 1 1 1 A^ ii^ -U 1 1 ^2 ^jj2 ) I K^/l ^i-l) U, 1 1 ^2 (]r2 ) 1 1 ^2 (K^ ) 1 1 1 1 ^i/l ^i-j; U, 1 1 ^2 (]r2 ) I K^/l ^i-i) •" I 



2 11 



12 1 4 2 1 



L2(R2)||l2(IR„) 



5 11 



< II A '^ A '^ 1/11 '^ IIA^A^i/ll® IIA^A^i/ll® II A '^ A '' 7/11 '' 

^Ilii^iVt; U||^2(K3)lMi/i^Vi; "'llL2(R3)IKi-/i^i-1) "lll,2{R3)lM^h^^^ "IIl2 
V/,V'U||22 



<C\\Vu\\]-, 

— II 11^.2 



This completes the proof. 

Lemma F.2. Let q e]2,oo[, there holds that 



g-l 1 9-2 1 1 

fghdxidx2dx^ < C ||/|| J(,_i) \\dxj\\l2 Ibll J l|9x2S'll22 I|9x35lll2 



/n particular, if we take q = A in (|6.5p , we /laue 

/5Mxidx2dx3 <C\\f\\% \\d,J\\l, Ml, \\Vhg\\h II^IIl2 



L2 



D 



(6.5) 



(6.6) 



Proof. We only just to show the inequality for functions f,g,h € Cg°(M ) and then pass to 
the limit by virtue of the density argument. 

Using some basic inequalities, we have 



<C 



<C 



<c 



f ghdxidx2dx3 



max I/I { g dxi 



max |/|''dx2d2;3 



XI 



h dxi 



dX2dX3 



9-2 



g dxi d2;2dx3 



q-2 

2q 



|/r-^|5,.,/|dxidx2dX3 



1 

9-2 



h d2;idx2dx; 



g dxi dx2dx3 



9-2 
29 



<C ll/llX-1) ll^-i/lli ll^llj' I|5.25lll2 l|5.39lli \\h\\L2 . 



lL2 
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Indeed, by imbedding theorem, Holder's inequality and Plancherel theorem, we obtain that 



L|f^(R2) 



[.2(R) <'^||||I|A25|Il2(ri)|| ^ ||l2(m) <C'||||l|A25l 



2q 



T 9" 



81V 2 



^C'lll|l|A|A2'c?||i2(Kl)||^2(Kl)||i2( 



c||a|a|5| 



L2 



2 2^ ^i £- 



=c[ I6i^i6i^r(e)deide2de3 <ii5iij U2g\\h\m\\h 

g-2 1 I 

<r^llnll "^ llr) nil' \\F> nil' 

^•-^ l|y||j;^2 Il<^x2y||^2 Il'-'x3y||^2 • 
This completes the proof. 
Lemma F.3. \T^ A constant C exists such that 

fghdxAx2dx-i < C II/III2 II9.3/III2 ll^lli ||V,,5ll!2 \\h\\l, WVhHl, . 



n 



(6.7) 



Proof of Inequality (I5.53p . As for a GJg, 2[) t>y the interpolation theorem and the embedding 
theorem, we get that for any z G M 



ui-,z 



'^;ilL? 



<C\\u{-,z) 



-I 

4 



Aft, 'n(-,z) 



<C 



K '^(•'^) 



Ar^n(.,z) 



<ch(-,z)ir ~\ 



On the other hand, by the trace theorem that H'^ 



l|vw-,^)ll 



(6.8) 



H"-^ 



L°-{R,;H^~-2{Rl)), 



\\u\\ , „ Is < C* ll'W|l('H-Q^ and ||VftU|| , „ 1 < C ||V/J^i||/rra^ . 

Inserting these inequalities in (j6.8p , we get the desired result ()5.53p . 



D 



For the sake of completeness, we give an existence result for the anisotropic equations with 
a convection term, which is similar to the case of the transport equation in [71 I26j . 

Proposition F.4. Let s > —1, 1 < p < 00 and 1 < r < 00. Assume that /o G B^^^g G 
L-^([0, T]; i?p J,), and t/iai u he a divergence free vector-field satisfying u G L'^ {[0,T]; B^^) for 
some a > 1 and m> 0, and Vu G L^{[0,T]; L^). Then the following equations 



\dtf + u-Vf-Ahf = g, 
[f\t=o = /o 

admits a unique solution f in 

• the space C{[0,T]; Bp,.), if r < 00, 

. the space ( n,.<, C([0,T]; S^;^)) n C^([0, T]; 5^_^), tfr = oo. 



(6.9) 
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Moreover, we have 

||/(t)IU.^^<e^^o^W<i-(||/o| 
HereV{t) := ||Vu(t)||Loc. 






+ 



-C j;; V{s)ds y^^ 



'BS, 



dr 



(6.10) 



Proof. Without loss of generality, we assume that u and g are defined on M x M". We first 
construct the approximate solutions fn of ()6.9p as follows. 



(6.11) 



'dtfn + Un ■ Vfn - Ahfn = Qn, 

Un ■■= ^n *t SnU, Qn := ^n *t SnQ, 
,/n|t=0 = fo,n '■= Snfo, 



where, (fn denotes a family of mollifiers with respect to t. Thanks to the properties of mollifier 
and the operator Sj, it is clear that /o,n S B^^ and Un,gn G C([0, T]; i?^^) with B^^ := 
Cis^^Bp^j.. Moreover, (/o,n)neN is bounded in Bp^., (fl'n)neN is bounded in L^([0,T]; S^,,), 
(n„)„gN is bounded in L°"([0, T]; i?^*^), and {Vun)n£N is bounded in L^([0,T]; L°^). 

Applying A^ to (|6.1ip . we have 

(dtAkfn + Un ■ VAkfn " A^Akfn = Afe5„ + i?^, 
[Afc/„|t=o = Akfo^n, 

where R^ := n„ • VAfc/„ — Aa,.(u • V/„). Note that 

- j Ah{Akfn)\Akfnr^A,fndx > 0, 



it is easy to conclude that 

\\Akfn{t)\\LP < WAkfoWip + [ \\Akgnir)\\LpdT+ I R^nii 

Jo Jo 

This together with the commutator estimate (see e.g. [26], Chap-2 ) 



LP 



dr. 



(6.12) 



Rlit) ^^ < Cck{t)2-'''Vn{t) ||/n(t)|lB|,, with \\ck{t)lr = 1 



leads to 



||/n(t)|lB, <||/o| 



+ 



\9n{T)\\B,+CVn{T)\\f{T) 



dr. 



where Vn{t) := ||Vti„(t)||L=o. Applying the Gronwall inequality, we obtain 



J u 






dr 



In the following, we shall show that, up to an subsequence, the sequence {fn)n&i converges in 
I?'(M+ X M") to a solution / of (|6.9|) which has the desired regularity properties. First, one 
may write 

dtfn - gn = -Un ' ^ fn + A^fn- 
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Hence Un € L'^{[0,T]; B^J^) enables us to conclude that dtfn — Qn is bounded in 
L°"([0,r]; i?~;^) for some sufficiently large M > 0. For the sake of convenience, let 

Ut) := Ut) - [ gn(.r)dT. 
Jo 



M\ 



Thanks to the imbedding theorem, one may deduce that {fn)n belongs to C'^([0,T];i?~ 
with /3 > and hence uniformly equicontinuous with value in B~^. Now, let {xi)ieN be a 
sequence of C^(]R") cut-off functions supported in the ball -6(0, / + 1) of M" and equal to 1 in 
a neighborhood of B{0, 1). On the other hand, by Theorem 2.94 of [7], we know that the map 
u I— 7- X/'U is compact from Bp^. to B~^. By using Ascoli's theorem and the Cantor diagonal 
process, there exists a subsequence which we still denote by (/n)neN such that, for all / G N, 

Xlfn^n^ooXlf in C{[0,T];B~^). 

It follows that the sequence {fn)neN converges to some distribution / in P'(M_|_ x M"). 

The only problem is to pass to the limit in D'(M+ x M") for the convection term. Let 
tp G Co°(M+ X M") and / G N be such that suppV' C [0, T] x B{0, 1), we have the decomposition 

V'^n • V/„ -iPu-Vf = tpUn ■ (V(Xi/n " Xlf)) " ^X/(«n - u) ■ V f (6.13) 

Coming back to the uniform estimates of /„ G L°°([0, T]; B^^), the Fatou properties of Besov 
space ensures / belong to L°°([0, T]; B^j.). By preceding argument, we find that xifn tends to 
Xlf in C{[0,T];Bp~^) for all e > and / G N. Therefore, both two terms in the right of (I6.13P 
tend to zero in L°°([0, T]; i?*^^"^). On the other hand, the sequences {fo,n)n£N, {gn)neN and 
{un)neN converges to /o,5 and u, respectively. So, we finally conclude that / := / + /q g{T)dT 
is a solution of (16.911. 



It remains to prove that / G C([0,T]; Bp^), when r < oo. Making use of uniform estimates 
of /„, one can deduce that dtf belongs to L^{[0,T];B~^). Obviously, for fixed k, dtAkf 
belongs to -^^^([0, T];LP) so that each A^/ is continuous in time with value in L^. This implies 
Skf G C{[0,T];B^^^) for all k G N. Since 



|fc"-fc'|<i,fc">fc 



then we have 

k'>k-l 

By the same argument as in proof of (j6.12p , one may conclude that 

||Afc/(t)||^, < \\Akfohp+ [ ||A,.5(T)||^,dT + C / Cfe(i)2-*^^F(t)||/(r)||^. dr. (6.14) 

Jq Jo '"'"' 

It follows that 

k'>k-l 

+ ^r( E {2'''\\A,,9{r)\\,,Yydr 

-^0 j^/\;„ 1 



k'>k~l 
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k'>k~l 

The fact /o G -Bp^^ ensures that the first term tends to zero as k goes to infinity. Since 
g,V & L}p(Bp J,), one conclude that the terms in the integrals also tends to zero for almost every 
t. This together with the Lebesgue dominated convergence theorem entails ||/ — Skf\\ioo/^s \ 
tends to zero as k goes to infinity. Thus, we can conclude that / belongs to C{[0,T];Bp^). 

For the case r = oo, by using the interpolation theorem, we deduce that for any to € [0,T] 
and s' g] — M, s[, there exists a constant 6 g]0, 1[ depending on s' such that 

\\u{t) - n(to)|ls«' < ll^(*) - ^(^o)IIr-a/ \\u{t) - u{to)\\]^s'^ 

^p,oo -Op.oo -^p,oo 

<2 \\u{t) - n(to)||^-M Iklli^^s ) . 

This together with the fact / G C([0,T];B-^0 yields / € C([0,T]; B^'^) for all s' < s. Now, 
we only need to prove that / G Cw{[^,T]\Bp^^). Indeed, for fixed (j) G 5(M"), the low-high 
decomposition technique leads to 

{f{t),<t>) = {Skf{t)A) + ((Id - St)f{t)A) = {Skf{t),(b) + {fit), (Id - s,)<p). 

Combining this with / E C{[0,T]; Bp,^) gives that the function 1 1— )• (^^/(t), </>) is continuous. 
As for the second term, we have 

\{f{t),{id- SkM <\\f\\^ U- s^n^-s . 

It follows that {f{t), (Id — Sj)(j)) tends to zero uniformly on [0,T] as k goes to infinity. This 
means that f{t) £ Cuj{[0,T]; B^^^). 

Now, we focus on the proof of the uniqueness. Let /i and /2 solve (16.90 with the same 
initial datum. If we define 6f = fi — f2, then 6f solves 

dt6f + u-V6f- Ah6f = 0. 

This together with the estimate (|6.10p ensures the uniqueness of solution of (16. 9p . D 



The last part of the appendix is devoted to the proof of losing a priori estimate for ()1.2p 
with Vu G L^([0,T]; LL), where the LogLip space LL is the set of those functions / which 
belong to S' and satisfy 

11/11,,:= sup "^^;^''^°° < oo. (6.15) 

2<g<oo <? + -L 

This estimate is the cornerstone to the proof of uniqueness in Theorem 11.21 In the sprite 
of [71 [T7], we prove linear losing a priori estimates for the general anisotropic system with 
convection. More precisely, we have: 

Proposition F.5. Let si G [— ^il[ CLud assume that s e]si,1[. Let v satisfies the following 
system 

\dtv + u-Vv- AhV + Vp = f + ge3, 

1 divf = divu = 

with initial data vq G H^ and source terms f G L^([0,T]; H^), g G L'^([0,T]; H^~^). Assume 
in addition that, for some h{t) G L"^[0, T] satisfying 

\H\ll < Kt)- (6.17) 
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Then there exists a constant C such that for any \ > C,T > and 

St := s — X / /i(r)dr, 
the following estimate holds 

MmHst+\\'^hv\\L2Hs, <C(l + v/t)exp(- / /l(T)dT)(||po|lH. + ||/ILih» + ||5|Il2H-0- 

Proof. Applying the operator A^ to the system (|6.16p . we find that for all q > —1, the fq 
solves the following equations 

dtVq + Sq_iU • Vq - AhVq + Vpq = fq + gqC^ + Fq{u, v) 
with Fq{u, v) = Sq^lU ■ VVq — Aq{u ■ Vv). 

Taking the L^-inner product to the above equation with Vq and using divu = 0, we see that 

2dt 1'^'?"^^ ^ \\'^hVq\\l2 = / fqVqdx+ / gqVgdx + / Fq{u,v)Vqdx. (6.18) 

Assume that q > 0. Applying the Bernstein and the Young inequalities, we can deduce that 

/n D^rl-r <r'9~'? Iln II ll\77)3|| <_||\77,3||^ _|_ r'?"^'? II n 11^ 
gqV^aX^LyZ ||5rg||^2 II Vt;^||^2 ^ 7 II V^g||^2 + "-^^ Il5'glli;,2 

-4 \rhVq\\^2 + - ||C'3'^9||^2 + (-^ \\9q\\L2 

<l\\yhVq\\l2+C2-^'\\9q\\l2, 

in the last line we have used the fact divv = 0. 

Integrating the both sides of (I6.18P with respect to t, we get for all q > 0, 

lb<?llL-L2 + \\^hVq\\l2L2 < \\VqiO)\\l2 + 2 WfqWllL^ + ^'^"^^ \\9q\\l2L2 + 2 \\Fq{u, v)\\li^2 ■ 

For q = —1, we merely have 

rt 



||^_i(t)||^2 < 11^^-1(0)11^2 + / ( ||/-i(r)|L2 + \\9^i{T)h2 + \\F_,iu,v){T)\\L2 )dr. 

Jo 

On the other hand, by the Bernstein inequality, we know that 

II V/,t;_i 11^2^2 < Ct2 llu.ill^^^a . 
Therefore, for all g > —1, we have 

Hh^L^ + \\'^hVg\\L2L2 
<2(1 + Vi)(\\Vqm\^, + \\fqhlL2 + 02-" \\gq\\L2^2 + \\Fq{u, v)\\ ^, ^, 



(6.19) 



From a standard commutator estimate (see e.g. [7], Chap. 2), we know that for all e G 
]0,^[,q> -1 andte [0,r] 

2''(^-^) \\Fq{u,v)it)\\^2 < CCq{2 + q)h{t) ||t;(t)||j^.-. with Cq G f (6.20) 
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for some constant C depending only on s. 

Set st:=s-X f^ /i(T)dT for t G [0, T]. Collecting (f09]) and (fOO]) yields that 

2(2+9)^' \\vg\\^^ < 2(1 + Vt) (2(2+9)^ \\vg{0)\\^2 2-''(2+9) /o /^Hd^ 



+ / 2(2+9)-- ||/,(r) 11^2 2-'?(2+,)/>(r')dr'^^ 

JO 
+ ( r22(2+'?)^-2-2'?||5^(r)||2,2-2A(2+.)/Xr')dr'^^j5 



(6.21) 



For the last term of (j6.2ip . we observe that 

Cc,(2 + q) f /i(T)2-^(2+,) /* h(r')dr' ||/(^) 11^^^ dr 
JO 

A log 2 Jo refO,tl 



:[0,1 

C '- --A{2+g)/,>(r)d 



l_2-Ai.+,)J„.(r)dr) sup ||/(r)||^._ 



A log 2^ \g[o,i] 

Thus, multiplying 2'?*'^ and taking the /^-norm of both sides of (j6.2ip over q > —1, we get 



sup ||/(t)||^.. <2(1 + Vt) ||/o||H. + ll/(T)||riH». +||5(t)|L2^..- 

Te[o,i] ^ * * 

C 

+ T1 — ^ sup ||/(r)||^., 
Alog2^g[o^i] 

Choosing Aq such that ^^ ^ ^ = !> '^^ get by the Gronwall inequality that for any A > Aq, 

sup ||/(t)||H.. < 2(1 + ^/t)eT/oMr)dr^|^^||^^ ^11^(^)11^ 11^(^)11 _^ 

iG[0,t] ^ ' ' 

This implies the desired result. D 
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